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1 Sinusoids
ω = 2πf f = T−1 θ = ωt+ ϕ
z = x+ ȷy = Aeȷθ = A cos θ + ȷA sin θ = A∠ϕ◦

x+ ȷy: x = A cos θ y = A sin θ θ = tan−1 y
x A =

√
x2 + y2

A1∠ϕ◦
1

A2∠ϕ◦
2
= A1

A2
∠(ϕ1 − ϕ2)

◦
A1∠ϕ◦

1 ·A2∠ϕ◦
2 = A1 ·A2∠(ϕ1 + ϕ2)

◦

A cos(ωt) = A sin
(
ωt+ π

2

)
A sin(ωt) = A cos

(
ωt− π

2

)
ymax = A yrms =

ymax√
2

yrms =
√

1
T

� T

0
[y(t)]2 dt

2 Circuit Basics and Definitions
V = RI P = V I = RI2 = V 2

R E(t) =
�
p(t) dt

i = dq
dt

∑
Inode = 0 V =

dEp
dq

∑
Vloop = 0

ρ = RA
ℓ [Ωm] σ = ℓ

RA [Sm−1] J = I
A

2.1 Resistance

Rseries =
∑

i Ri Rparallel = [
∑

i(R
−1
i )]

−1
Rparallel =

R1R2

R1+R2

V0, Rseries : Vi =
Ri

Rseries
V0 I0, Rparallel : Ii =

Rparallel
Ri

I0

iR(t) =
Vmax

R sin(ωt+ ϕ) vR(t) = Vmax sin(ωt+ ϕ)
Vmaxe

ȷϕ = RImaxe
ȷϕ V̄ = RImax∠ϕ◦

2.2 Capacitance
C = q

V EC(t) =
1
2CvC(t)

2 Cplates = ε0εR
A
δ

Cparallel =
∑

i Ci Cseries = [
∑

i(C
−1
i )]

−1

Vmax = XCImax XC = 1
ωC C = 1

ωfQR
C =

I2
C

ωQC

iC = C dvC
dt vC(t) = vC0 +

1
C

� t

0
iC(t

′) dt′

Imaxe
ȷϕI = ȷωCVmaxe

ȷϕV Ī = ωC[Vmax∠(ϕV + 90)
◦
]

2.3 Inductance

L = ΦB

I EL(t) =
1
2LiL(t)

2 Lcoil =
NtΦB

I = λ
I ≈ µ0N

2
t Aσ

ℓ

Lseries =
∑

i Li Lparallel = [
∑

i(L
−1
i )]

−1

Vmax = XLImax XL = ωL L = fQR
ω L = QL

I2
Lω

vL(t) = LdiL
dt iL(t) = iL0 +

1
L

� t

o
vL(t

′) dt′

Vmaxe
ȷϕV = ȷωLImaxe

ȷϕI V̄ = ωL[Imax∠(ϕI + 90)
◦
]

2.4 Impedance and Reactance

Z = R+ ȷX |Z| =
√
R2 +X2 X = XL −XC

Zseries =
∑

i Zi Zparallel = [
∑

i(Z
−1
i )]

−1

Z∠ϕ◦ : ϕ = tan−1 X
R R = |Z̄| cosϕ X = |Z̄| sinϕ

Z̄R = R∠0◦ = R
Z̄C = 1

ωC∠−90◦ = XC∠−90◦ ZC = 1
ȷωC XC = 1

ωC

Z̄L = ωL∠+90◦ = XL∠+90◦ ZL = ȷωL XL = ωL

2.5 Admittance, Conductance, and Susceptance

Y = G+ ȷB = 1
Z = I

V Yparallel =
∑

i Yi Yseries = [
∑

i(Y
−1
i )]

−1

G = R−1 B = 1
X BC = ωC BL = − 1

ωL

2.5.1 Y Bus Matrix
I1
I2
...
In

 =


y11 y12 · · · y1n
y21 y22 · · · y2n
...

...
. . .

...
yn1 yn2 · · · ynn




V1

V2

...
Vn


yii =

∑
n Yn (into node) yiȷ =

∑
n −Yn (directly between nodes)

3 Power
3.1 Average Power
p = vi = 1

2VmaxImax[cos(ϕV − ϕI) + cos(2ωt+ ϕV + ϕI)]

⟨p⟩ = 1
T

� T

0
p(t) dt = 1

2VmaxImax cos(ϕV − ϕI) =
RI2

max

2 =
V 2
max

2R

3.2 Complex Power, Single Phase
V̄rms = Z̄Īrms ϕ = ϕV − ϕI θpf = ϕ

S = 1
2VmaxI

∗
max = V̄rmsĪ

∗
rms = |Īrms|2Z̄ = |V̄rms|2

Z̄∗

S = P± ȷQ P = ℜ(S) Q = ℑ(S) |S| =
√

P2 +Q2

P = V̄rmsĪrms cosϕ = |Īrms|2R = |V̄rms|2
|Z̄|2 R = |S| cosϕ = |V̄rms|2 cosϕ

|Z̄|

Q = V̄rmsĪrms sinϕ = |Īrms|2X̄ = |V̄rms|2
|Z̄|2 X̄ = |S| sinϕ = |V̄rms|2 sinϕ

|Z̄|
pf ≡ P

|Vrms||Irms| =
P
|S| = cosϕ = R/

√
R2 +X2

{θpf > 0} : (ind, lag, +Q) {θpf < 0} : (cap, lead, −Q)

Purely resistive: P = |V |2
R Purely reactive: Q = |V |2

X

pf correction: C =
Qϕ2−Qϕ1

−|Vϕ,rms|2ω L =
−|Vϕ,rms|2

ω(Qϕ2−Qϕ1)

{Z̄Ld = Z̄∗
S} ⇔ {P = Pmax}

3.3 Complex Power, 3 Phase
Notation: Vαβ : α > β Iαβ : α → β X: source x: load
ST =

∑
Sϕ = |V̄Ln||ĪLn| ·

√
3∠ϕ◦

Z̄
|ĪLn| = |Īan| = |Īnb| = |Īnc|
|V̄Ln| = |V̄ab| = |V̄bc| = |V̄ca|
Z̄∆ = 3Z̄Y ∆ϕ = 120◦

V̄∆,AB = V̄Y,AN ·
√
3∠30◦

3.3.1 Y Source / Y Load
V̄Ln = V̄ϕ ·

√
3∠30◦

V̄AB = V̄AN − V̄BN = V̄AN ·
√
3∠30◦

∑
i V̄iN = 0

Y-Y: Īan = V̄AN

Z̄Y +Z̄Ln
Sϕa = V̄anĪ

∗
an V̄an = ĪLnZ̄Y

3.3.2 ∆ Source / ∆ Load
ĪLn = Īϕ ·

√
3∠−30◦

ĪAa = Īab − Īca = Īab ·
√
3∠−30◦

∑
Īnode = 0

∆-∆: Īab = V̄AB

Z̄∆
Sϕa = V̄AB Ī

∗
ab

3.3.3 Y Source / ∆ Load
V̄ab = V̄AB = V̄AN ·

√
3∠30◦

Īab =
V̄AB

Z̄∆
ĪAa = Īab ·

√
3∠−30◦

Sϕa = V̄AB Ī
∗
ab = (V̄AN ·

√
3∠30◦)Ī∗ab

4 Magnetically Coupled Circuits
F⃗surfaces =

B⃗2A
2µ0

F⃗ = NtI = ΦBR |Φ| ∝ |I|

R = ℓ
µA µ = µ0µR B⃗ = ΦB

A = µF⃗
ℓ = µH⃗

µ0 = 4πE−7 H
m ε0 = 8.854E−12 F

m c0 = (µ0ε0)
− 1

2

4.1 1 Phase Ideal Transformers
vi = Nt,i

dΦBi

dt V1I1 = V2I2

{ΦB1 = ΦB2} : V1

V2
=

Nt,1
Nt,2

≡ a I1
I2

=
Nt,2
Nt,1

= 1
a

V1 = aV2 I1 = I2
a Z1 = a2Z2

1: source 2: load {a > 1}: step-down {a < 1}: step-up
ΦB(t) = AΦ sinωt v = 2πfNtAΦ cosωt AΦ ≡ ΦB,max
Vmax = 2πfNtAΦ Vrms =

2π√
2
fNtAΦ

Srated = VratedI Aσ,min = AΦ

B⃗material

4.2 1 Phase Real Transformers

V̄1 = āV̄2 = |ā||V̄2|∠(ϕV 2 + ϕa)
◦

Ī1 = Ī2
ā∗ Z̄1 = |ā|2Z̄2

P̂e = kef
2B⃗2

maxδ
2 P̂h = khfB⃗

nS
max

4.2.1 SC-OC Test

Zeq1 = Vsc
Isc

= Req1 + ȷXeq1 Req1 = Psc
I2

sc
Xeq1 =

√
Z2

eq1 −R2
eq1

ϕ = cos−1 Poc
IocVoc

Ic = Ioc cosϕ Im = Ioc sinϕ

Rcore2 = Voc
Icore

Xmutual2 = Voc
Imutual

Req2 =
Req1
a2 Xeq2 =

Xeq1
a2
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x = SLd

Srated
η ≡ x·Srated·pf

x·Srated·pf+Poc︸︷︷︸
Pcore

+x2 Psc︸︷︷︸
PCu FL

{x2PCu FL = Pcore} : ηmax

4.2.2 Voltage Regulation
V1

a = V̄Ld + ĪLd(Req2 + ȷXeq2)

VR,NL = |V1|
a VR,FL = |Vrated| VR = VR,NL−VR,FL

VR,FL
× 100%

V1

a =
√

(|VLd| cosϕ+ |ILd|Req2)2 + (|VLd| sinϕ± |ILd|Xeq2)2

(+) lagging, unity (−) leading

5 Per Unit System
F ∈ {V, I,R, Z,X,S} : Ḟ · Fb = Factual

Sb = V̄bĪ
∗
b Z̄b =

V̄ 2
b
Sb

Ṡ = Ṗ± ȷQ̇ = ˙̄V ˙̄I∗

Z̄b,i =
V̄ 2

b,i
Sb

Īb,i =
Sb
V̄b,i

V̄b,i = V̄b,0
Vi,0

V0
[HV or LV basis]

5.1 Lossy Transformer
η ≡ x·pf

x·pf+Pcore
Sb

+x2Ṙ
Ṙ = ṖCu FL = PCu FL

Sb
=

Req1
Zb1

=
Req2
Zb2

5.2 3 Phase Power

V̄b,AN =
V̄b,AB√

3
|ST| =

√
3|VAB ||IAa|

Ib,3ϕ =
Sb,3ϕ√

3Vb,3ϕ,AB
=

Sb,1ϕ
Vb,1ϕ

Zb,3ϕ =
V 2

b,3ϕ,AB

Sb,3ϕ

5.3 Tertiary Transformer Star Equivalent Circuit
1 excited, 2 shorted: V

I = Z12 1 excited, 3 shorted: V
I = Z13

2 excited, 3 shorted: V
I = Z23, sec. Z23, primary =

(
Nt,1
Nt,2

)2

Z23, sec.

X1 = 1
2 (Z12 + Z13 − Z23) X2 = 1

2 (Z12 + Z23 − Z13)
X3 = 1

2 (Z13 + Z23 − Z12)

Zb,1 =
Vb,1
Sb

Ż1 = ȷX1

Zb,1
Ż2 = ȷX2

Zb,1
Ż3 = ȷX3

Zb,1

5.4 Off Nominal Turns Ratio, Pi Equivalent

Transformer nameplate: Ż ′
i = Żi

(
Vb,i
V ′

b,0

)2 S′
b,0

Sb,i
[b, 0 in basis zone]

ZT, HV = c2ZT, LV c ≡
√

Ż′
T, HV

Ż′
T, LV

Yeq = (Ż ′
T, HV)

−1

Y10 = (1− c)Yeq,HV Y12 = cYeq Y20 = (|c|2 − c)Yeq

6 Transmission
A [CM] = (� [mil])2 1 mil = 0.001in 1 CM = 5.066×10−10 m2

R = ρ(T )ℓ
Aσ,T

ρ(T2) = ρ(T1)
M+T2

M+T1

δ̄m×n = m·n
√

Πm
i=1Π

n
j=1δ(mi, nj)

R̄L = n2
√
Πn

i=1Π
n
j=1δij δi=j ≡ e−0.25Rwire

R̄C = n2
√

Πn
i=1Π

n
j=1δij δi=j ≡ Rwire

X̃L = ωL̃ Ỹ = ωC̃ Z̃ = R̃+ ȷX̃

6.1 Inductance
λ̃int =

µ0I
8π L̃int =

µ0

8π λ̃ext =
µI
2π ln δ̄

R̄wire
L̃ext =

µ0

2π ln δ
Rwire

L̃line = 2E−7 H
m ln δ̄

R̄L

Single phase, 2 solid conductors:
L̃loop = L1 + L2 = 4E−7 H

m ln δ(12)
2
√

e−0.5R1R2

3 phase, symmetrically spaced solid conductors:
L̃ϕ =

λ̃ϕ

Iϕ
λ̃ϕ = 2E−7 H

mIϕ ln
δ(12)
R̄L

R̄L = e−0.25Rwire

Bundled conductors: R̄L = n
√
Πm

i=1δ1i

3ϕ transpose: L̃ϕ = 2E−7 H
m ln

3
√

δ(12)δ(23)δ(31)

R̄L

6.2 Capacitance
Single phase, 2 solid conductors:
CAB = q

VAB
CAN = q

1
2VAB

C̃AN = 2πε0

(
ln δ̄

R̄C

)−1

3ϕ transpose: C̃AN = 2πε0

(
ln

3
√

δ(12)δ(23)δ(31)

R̄C

)−1

C̃A♁ = 2πε0

(
ln δ̄

R̄C
− ln

3
√

δ(AB′)δ(BC′)δ(CA′)

3
√

δ(AA′)δ(BB′)δ(CC′)

)−1

Icharging = Y VAN = ȷ2πfCANVAN

Qcharging,ϕ = Y V 2
AN = ωCANV 2

AN

Qcharging,T = 3Y V 2
AN = 3ωCANV 2

AN = ωCANV 2
AB

6.3 Distributed Line[
V̇S
İS

]
=

[
A B
C D

]
︸ ︷︷ ︸

T

[
V̇R
İR

]
V̇S = AV̇R +BİR
İS = CV̇R +DİR

γ ≡ α+ ȷβ =
√
ZY

[
m−1

]
Z0 =

√
Z
Y [Ω] A,D[=]pu

6.3.1 Exact Pi (>250 km)

T =

[
cosh γℓ Z0 sinh γℓ
1
Z0

sinh γℓ cosh γℓ

]
YE
2 = 1

Z0
tanh γℓ

2

6.3.2 Nominal Pi (80 km to 250 km)

T =

[
1 + ZNYN

2 ZN
YN

(
1 + ZNYN

4

)
1 + ZNYN

2

]
ZN = ℓZ
YN
2 = ℓY2

6.3.3 Short Line (<80 km)

T =

[
1 ZS
0 1

]
ZS = ℓZ
YS
2 = 0

6.3.4 Lossless Line

Z0 =
√

L
CΩ γ = ȷω

√
LCm−1 λ = 1

f
√
LC

T (x) =

[
cosh γx ȷZ0 sinh γx
1
Z0

sinh γx cosh γx

]
ZL = ȷXL
YL
2 = ℓ ȷωCL

2

SIL : IR = |V |R
Z0

S(x) = V (x)I∗(x) = |VR|2
Z0

=
V 2

rated
Z0

6.3.5 Steady State Stability Limit
PR = |VR||VS|

|XL| sin(ϕV,S − ϕV,R) = V̇RV̇S · SIL · sin(ϕV,S−ϕV,R)

sin( 2πℓ
λ )

6.3.6 Maximum Power Flow
|A|∠ϕA

◦ ≡ T (A) |B|∠ϕB
◦ ≡ T (B)

SR = |VR||VS|
|B| ∠(ϕB − ϕV,S − ϕV,R)

◦
+ |VR|2|A|

|B| ∠(ϕB − ϕA − 180)
◦
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